Abstract. In this paper, we consider the cohomology ring of a nite 2-group with coe cients in a eld of characteristic two. We show that, for any positive integer n, there exists a 2-group whose cohomology ring has elements of nilpotency degree n + 1 and all smaller degrees.
Introduction
It is well known that the cohomology rings of nite groups with coe cients in elds of positive characteristic can contain nilpotent elements. But these cohomology rings are di cult to determine, so we do not know the detailed structure of very many examples. In particular, nothing appears to be known about the possible nilpotency degrees of elements in these rings. In this paper, we construct a family of nite groups G n such that, for any eld K of characteristic two, the cohomology ring H (G n ; K) contains elements of nilpotency degree j for all j n + 1. Unfortunately, our methods do not generalize to the case of odd characteristic. Indeed, if K is a eld of odd characteristic p, we know of no examples of elements of H (G; K) having nilpotency degree greater than p.
The Group G n
Fix an integer n > 1 and a eld K of characteristic two. We describe a group G = G n in terms of an abelian normal subgroup N, the quotient Q, and the 2-cohomology class corresponding to the central extension N G Q.
Let N = ha 1 ; : : : ; a n i and Q = hz 1 ; : : : ; z n i be elementary abelian 2-groups of rank n. Then the cohomology rings H (N; K) and H (Q; K) are polynomial rings in n indeterminates over K. We write H (N; K) = K 1 ; : : : ; n ] and H (Q; K) = K 1 ; : : : ; n ], where i is the element of Hom(N; K) = H 1 (N; K) dual to a i and j is the element of Hom(Q; K) dual to z j . Let E ; be the Lyndon-Hochschild-Serre spectral sequence for the cohomology of the extension with coe cients in K. Since 1 has nilpotency degree j + 1. We sketch another argument. The quotient K 1 ; : : : ; n ]=I is a nite-dimensional algebra, so the set f 1 ; : : : ; n g is a system of parameters and the corresponding variety is a complete intersection. Then K 1 ; : : : ; n ]=I has dimension exactly 2 n . This is a consequence of B ezout's Theorem. Unfortunately, we know of no really good reference. The reader is referred to 5] for a general treatment or to 7, Appendix 6] for something more speci c.
From this, it is easy to see that the set consisting of the monomials i 1 1 in n for which each i k is either zero or one is a basis for K 1 ; : : : ; n ]=I, and this implies that the element 1 j is not in I for j = 1; : : : ; n. Since j j is congruent to 1 j modulo I, j j does not belong to I.
